Abstract. Unimodular Gravity (UG) is a restricted version of General Relativity (GR) in which the determinant of the metric is a fixed function and the field equations are given by the trace-free part of the full Einstein equations. The background equations in UG and GR are identical. It was recently claimed that, the first order contribution in the temperature fluctuation of the Cosmic Microwave Background (CMB) in UG is different from GR. In this work, we calculate the first order perturbation equations in UG and show that the SachsWolfe effect in UG, in terms of gauge invariant variables, is identical to GR. We also show that the second order perturbation equation of Mukhnanov-Sasaki variable in UG, is identical to GR. The only difference comes from the gauge choices due the constraints on the metric determinant. Hence, UG and GR are identical and indistinguishable in CMB data on large scales.
Introduction
The cosmological constant problem in cosmology is an unsolved issue. In the theory of General Relativity (GR), the cosmological constant is put in the Einstein-Hilbert action by hand, and is related to the vacuum energy density of all the matter fields. From observations, like Cosmic Microwave Background data [1, 2] and Supernovae surveys [3] , we know that the contribution of the cosmological constant in the total energy density of the universe is nonzero. The problem is that the theoretical value of the cosmological constant is 60-120 orders of magnitude higher than the observed value [4, 5] . This leads to a very large discrepancy between theory and observation. There have been several proposals in the literature [4, 6] to solve this discrepancy. Out of these, trace-free gravity does not involve any new physics and is a particular case of General Relativity. The trace-free part of the Einstein equation naturally gives the cosmological constant which is no longer related to the vacuum energy density. Hence, the value of the cosmological constant can be fixed from observation.
The trace-free part of Einstein equation can be obtained in the context of Unimodular Gravity (UG) [7, 8] . In UG, the determinant of the metric ( √ −g) is a fixed function [9] . Hence, the variation of √ −g with respect to the metric is zero. The variation of Einstein-Hilbert action, 1) subjected to the constraint on √ −g, leads to the trace-free part of the Einstein equation,
In the Einstein-Hilbert action, M 2 P = 1 8πG is the reduced Planck mass, R is the Ricci scalar and L m is the matter counterpart of the action.Ĝ µν andT µν are the trace-free part of the Einstein tensor and energy-momentum tensor respectively,
where T is the trace of the full energy-momentum tensor T µν . In Refs. [10, 11] , it has been shown that, in UG, the information of potential enters the acceleration equation through the energy conservation equation. Hence, like in GR, one can study inflationary scenario in UG. Several authors have studied cosmological implications of UG theory [12, 13] . In Refs. [14] [15] [16] the authors have applied UG theory in inflation and dark energy models.
In FLRW background [10, 11] , there are no differences in the equations of motion in UG and GR. Quantum theory of UG has been investigate by several authors [17, 18] . In Refs. [19, 20] it has been shown that the quantum theory of UG and GR can be different.
However, in Ref. [21] , the authors claimed that, the expression of first order contribution in the temperature fluctuation of the Cosmic Microwave Background (CMB) in UG is different from GR. The additional term in UG would be a dipole term whose amplitude is expected to be small. In this work we explicitly show that the expression of first order perturbation counterpart in CMB temperature fluctuations in UG is identical to that in GR. Furthermore, we explicitly calculate the second order perturbation in UG and show that the second order equations of motion are identical in UG and GR.
In Section 2, we introduce the background equations in the UG context. Then, in Section 3, we present the perturbed metric and the unimodular constraint. In Section 4, we express the first order perturbations and define the gauge invariant quantities, before focusing on the implications of UG on the Sachs-Wolfe contribution in the CMB temperature anisotropies in Section 5. The study is then extended in Section 6 to second order perturbations. The equation of motion obtained for first order Mukhanov-Sasaki variable is the same as in GR, whereas the equation of motion obtained with second order Mukhanov-Sasaki variable is also same as GR for particular gauge choices. As a consequence, in the light of perturbation theories, UG and GR are same. Finally, in Section 7, we discuss the results about the differences between GR and UG in the light of the problems due to gauge choices and conclude.
Background equations
In UG, √ −g is a fixed function. As a consequence, one can take FLRW metric as a background metric. Then the fixed function associated with the determinant of the metric is a function of the scale factor (a(t)). In this Section, we consider the FLRW metric described by the following line element in the cosmic time (t) and position ( x):
In the following, we give the components of the background trace-free Einstein equation and compare the results with GR.
Components of trace-free Einstein tensor
The background components of the trace-free Einstein tensor (1.3) arê
where H =ȧ/a is the Hubble parameter and the 'dot' denotes the derivative with respect to time. 'i' is the spatial index which represents the spatial coordinates (x, y, z).
Components of trace-free energy-momentum tensor
The expression of the energy-momentum tensor for a scalar field (ϕ) is given by
where ∂ µ is the partial derivative with respect to x µ and V (ϕ) is the potential. The components of the energy-momentum tensor are
Subsequently, the energy density and pressure of the scalar field are
One can write the trace-free components of the energy-momentum tensor aŝ
Continuity equation
As, the whole formalism is generally covariant, the usual conservation equation of the energymomentum tensor is satisfied [4] . The conservation equation of the scalar field energymomentum tensor is given as T where ';' denotes the covariant derivative. Using (2.5) for ν = 0, Eqn. (2.7) gives the energy conservation equationρ + 3H (ρ + p) = 0, (2.8) which in terms of the scalar field (ϕ) gives the Klein-Gordon equation for the scalar field
where ( ,ϕ ) denotes partial derivative with respect to ϕ.
Components of trace-free Einstein equation
Using (2.2) and (2.6), the non-zero components of trace-free Einstein equation (1.2) can be written asä
Here it should be noted that unlike the full Einstein equation, the trace-free Einstein equation gives us the same equation for the (t, t) and (i, j) components as (2.10). Apparently it looks like the potential does not enter the acceleration equation in case of trace-free Einstein equation. However, after multiplying both sides of (2.10) with the factor (6H) and using (2.9), one gets the Friedmann equation by integrating
where C is the integration constant. Substituting H 2 from (2.11) in (2.10), the acceleration equation can be written asä (R + 8πGT ). For FLRW metric, the expression of R and T can be obtained as R = −6 H 2 +ä a and T = −φ 2 + 4V (ϕ) respectively. Finally using (2.10) and (2.11), from the expression ofΛ it can be verified thatΛ = −3C. This exercise can be used as a proof thatΛ in (2.13) is a constant in time. It is to be noted that,Λ is not a part of the action (1.1) andΛ does not depend upon the vacuum fluctuations [4] .
Perturbed metric and unimodular constraint
In our study, we will only work with the scalar part of the metric perturbations. From this section onwards, we specify background quantities with subscript (0); subscripts (1) and (2) for first order and second order perturbations respectively. In conformal time η (dη = dt/a), the metric components up to second order can be written as
Consequently, the contravariant form becomes,
In the above expression C 1ij and C 2ij are given by
where (φ 1 , ψ 1 , B 1 , E 1 ) are first order quantities and (φ 2 , ψ 2 , B 2 , E 2 ) are second order quantities. A metric (g µν ) can be written in terms of background metric (η µν ) and perturbation (h µν ) as,
Therefore, the determinant of the metric g µν , up to second order, can be written as,
As a consequence, the unimodular constraint, δ ( √ −g) = 0, gives the following constraints on the first and second order metric quantities respectively,
The infinitesimal coordinate transformation (or gauge transformation), up to second order, is given by [22] , 8) where the gauge generator ξ µ , up to second order, is ξ µ = ξ Under the above coordinate transformation, an arbitrary tensor Q transforms as
where L ξ , is the Lie derivative with respect to ξ µ . Up to second order, Q can be expressed as
Therefore, transformations of the background, first order and second order of Q are given as
To derive the above expressions, we have used,
For scalar (S), vector (V µ ) and tensor (t µν ), the Lie derivatives, on all order, are given as
The above Lie derivatives are used to obtain the transformations of scalar quantities (field fluctuation, δϕ and fluctuation of the energy density, δρ) and the components of metric fluctuation, g µν .
First order perturbations
In this Section, we derive the gauge invariant quantities for UG in first order perturbation. Using the perturbed field equations for UG, we derive the equation of motion for the gauge invariant quantities. The equations of motion of the gauge invariant metric perturbations, Φ 1 and Ψ 1 , have already been studied by various authors. We then compare UG with GR based on first order Mukhanov-Sasaki variable and curvature perturbation on uniform density hypersurfaces. We show that the equation of motion for the gauge invariant quantities are identical in UG and GR.
We then look into observational signature of UG in the Cosmic Microwave Background (CMB). Recently, it has been claimed that the expression of the temperature anisotropies of the CMB, with regard to the Sachs-Wolfe contribution, are different in UG and GR [21] . This discrepancy in the CMB temperature anisotropies is supposed to appear as a dipole term. In contrast, we show that, in UG, the relation between the first order CMB temperature fluctuation and gauge invariant metric perturbation is identical to GR. Therefore, CMB observations can not distinguish between UG and GR.
In UG, first order perturbed field equations can be obtained from
where δĜ µ ν(1) and δT µ ν(1) are the trace-free part of the perturbed Einstein tensor and energymomentum tensor respectively.
Perturbed trace-free energy-momentum and Einstein tensor
Components of perturbed trace-free energy-momentum tensor -
where ϕ 0 is the background scalar field.
Components of perturbed trace-free Einstein tensor -
where
is the Hubble parameter in conformal time.
Components of perturbed trace-free Einstein equationFrom the off-diagonal (i, j) components of perturbed trace-free Einstein equation, in UG one gets
which is identical to GR. From the (η, i) components of perturbed trace-free Einstein equation, in UG one gets ψ
which is also identical to GR. On the contrary, in UG, the perturbed (η, η) component of trace-free Einstein equation gives
which is different compared to GR. To get the above equation we have used the following background equations,
where ( ,ϕ ) denotes the partial derivative with respect to the background field. In UG, (i, i) component of the perturbed trace-free Einstein equation, gives the same equation as (4.6) by summing over the 'i' indices. Therefore, we do not write it separately. The perturbed Klein-Gordon equation in UG is
One can note that, similar to the background case, perturbed Klein-Gordon equation is also same as in GR.
Gauge invariant quantities
Under the gauge transformations (3.11) and (3.12), the perturbed energy density and scalar fields transform asδ
In the above equations, ρ 0 denotes the background energy density. The first order metric perturbations transform asψ By substituting expressions of metric perturbations (4.10) in Eq.(3.6), one can construct the unimodular constraint on the quantities α 1 and β 1 as,
In the present case, because of the unimodular constraint, one can choose either only α 1 , or only β 1 , freely. Once α 1 or β 1 is fixed, the other quantity is determined by the unimodular constraint. Therefore, gauge conditions like longitudinal Newtonian gauge (i.e.B 1 = 0 and E 1 = 0) or transverse synchronous gauge (where we set,φ 1 = 0 andB 1 = 0) can not be considered in unimodular gravity [21] . This is one big difference between unimodular gravity and GR. However, there are some gauge invariant quantities which can be constructed by choosing α 1 or β 1 . Based on the above expressions, one can construct various first order gauge invariant quantities. On uniform field hypersurfaces δ ϕ 1 = 0 , the expression of α 1 is
Substituting α 1 in the expression ofψ 1 leads to comoving curvature perturbation (ψ 1 on uniform field hypersurfaces)
Following a similar procedure, other gauge invariant quantities can be constructed. For example, field fluctuation on uniform curvature ψ 1 = 0 hypersurfaces (known as MukhanovSasaki variable, Q 1 ), density fluctuation on uniform curvature hypersurfaces (given as M 1 ), curvature perturbation on uniform density δ ρ 1 = 0 hypersurfaces (given as, ζ 1 ) can be expressed as
It is important to notice that, in the above cases, α 1 is chosen in such a way that we can get uniform curvature, uniform density density fluctuation and uniform field fluctuation hypersurfaces. In all the cases, β 1 will be given by Eq.(4.11). But, the construction of the above gauge invariant quantities is independent of β 1 . Therefore, in the observational context, unimodular gravity and GR are identical.
Construction of gauge invariant Newtonian potential (φ 1 ) and curvature (ψ 1 )
As mentioned earlier, due to the additional unimodular constraint, one can not construct gauge invariant definitions φ 1 and ψ 1 using longitudinal Newtonian gauge (whereB 1 =Ẽ 1 = 0). Let us assume that we set only one condition, for exampleẼ 1 = 0. It thus fixes β 1 = E 1 , uniquely. The unimodular constraint (4.11) consequently gives us
The solution of α 1 can be expressed as 
Due to the presence of d ( x), the above definition of φ and ψ can render spurious gauge modes. Hence, these definitions of gauge invariant curvature and Newtonian potential are not very useful. However, in the case of UG one can calculate the gauge invariant Newtonian potential and curvature on the hypersurfaces whereB 1 =Ẽ ′ 1 . On this hypersurface, α 1 can be determined as
Substituting this expression back inψ 1 andφ 1 , one can construct the gauge invariant curvature and Newtonian potential as
Therefore, in first order perturbation, all gauge invariant quantities in GR can also be obtained for UG. The only difference between GR and UG is the choice of hypersurfaces. As in the context of UG one can only set either B 1 or E 1 equal to zero, then Ψ 1 = ψ 1 and Φ 1 = φ 1 . Still in this case, like in GR, the relation between the gauge invariant quantities, Φ 1 = Ψ 1 , holds. The evolution equations of Φ 1 or Ψ 1 are also identical in UG and GR [21] . However, it is interesting to note that in UG, if one sets B 1 = E ′ 1 = 0, one can obtain Φ 1 = φ 1 and Ψ 1 = ψ 1 . Then, from equation (4.4) we get φ 1 = ψ 1 or Φ 1 = Ψ 1 , which are identical to Newtonian gauge in GR. Finally, using (4.5) and (4.6) one obtains the following equation of motion for gravitational potential φ 1 20) which is also identical to the Newtonian gauge in GR. It is important to note that, to derive the equation of motion for φ 1 , the unimodular constraint equation is not used.
Evolution of first order Mukhanov-Sasaki variable, Q 1
On the uniform curvature hypersurfaces ψ 1 = 0 , the expression of α 1 is given by
and the Klein-Gordon equation takes the following form,
Here, the field fluctuation on the uniform curvature hypersurfaces is defined asδ
The unimodular constraint on this hypersurface becomes,
From the (i = j) components of the perturbed field equations (4.3), using the background equations (4.7), we getB
Using (4.24), one can obtain the (η, η) component of the perturbed field equations on the same hypersurfaces
Finally, the (η, i) component can be written as 
Finally, using the above expressions in (4.22), one can write the evolution equation for the Mukhanov-Sasaki variable (Q 1 ) as
Using the background equations, it can be checked that the evolution equation of Q 1 in UG is identical to GR (see for instance Refs. [23, 24] ). In the first order perturbation, one can note that the expression ofφ 1 is identical in GR and UG. On the other hand,B 1 andẼ 1 are individually different in UG. But, in UG, the linear combination B 1 −Ẽ ′ 1 remains same as in GR. It is interesting to note that, in perturbed Klein Gordon equation (4.22) , the terms involvingB 1 andẼ 1 can be written in terms of the linear combination B 1 −Ẽ ′ 1 . Therefore, the governing equation of Q 1 is same in both GR and UG.
It should be noticed that the derivation of the equation of first order Mukhanov-Sasaki variable does not require the unimodular constraint equation (4.23) . The first order unimodular constraint is only used to find the expression ofẼ 1 in terms ofδ ϕ 1 or Q 1 .
It should also be noticed that in case of GR, settingẼ 1 = 0 or β 1 = E 1 is a choice. In GR, one can make a different choice forẼ 1 other than zero. As long as Eq. (4.25) is satisfied, equation of motion for Q 1 remains unchanged even in GR. Thus, in GR, the equation of motion of Q 1 (4.29) remains the same for any choice ofẼ 1 . In UG, only one particular choice ofẼ 1 is allowed, which is given by (4.23). However this particular choice ofẼ 1 does not have any effect on the equation of motion of Q 1 in UG. In the next Section, we will show the equivalence between GR and UG based on first order curvature perturbation on uniform density hypersurfaces.
Curvature perturbation on uniform density hypersurfaces, ζ 1
The gauge invariant definition of the curvature perturbation in uniform density hypersurfaces is given as
where ρ 0 and p 0 are the background energy density and pressure density. In the last expression, we have used the conservation of energy density given by equation (2.8). In case of GR, without cosmological constant, it is known that
(4.31)
In the above equation, we have used the following expression
Therefore, in GR, the expression of ζ 1 | GR in (4.30) becomes
on large scale (∆ → 0). Using (4.5), which is same in GR, and the background equations, one gets ζ 1 | GR ≈ R 1 | GR in large scales. In contrast, in UG, the perturbed field equation can be written as
where δΛ 1 = 1 4 (δR 1 + 8πGδT 1 ). Therefore, in unimodular gravity, the expression of perturbed energy density becomes
Using equation (4.35) and the expression of δρ 1 | U G , the expression of curvature perturbation in uniform-density hypersurfaces in UG can be obtained from (4.30):
Finally, using (4.32), the expression of curvature perturbation in uniform-density hypersurfaces on large scales is approximated by
The evolution of curvature perturbation in large scaleThe time derivative of Eq. (4.30) gives us 
which eventually gives us the large scale time evolution of curvature perturbation as
The above expression of large-scale time-evolution of the curvature perturbation (4.40) is valid in both UG and GR. Using the continuity equation (2.8) and the Klein-Gordon equation of the scalar field (2.9), we get
where δ is the slow-roll parameter. This gives us
From equation (4.34), the following relations can be obtained for unimodular gravity
where δρ 1 = δT η η(1) and δp 1 = −δT i j(1) δ ij . Finally, the relation between the evolution of ζ 1 in GR and UG can be expressed as 
It can also be shown that the evolution of M 1 is same in GR and UG. As a consequence, GR and UG are identical in the first order perturbation.
Sachs-Wolfe effect and CMB temperature fluctuation in UG
In this Section, we derive collision-less Boltzmann equation of CMB photons at first order for super-Hubble modes to obtain the main contribution of the CMB temperature anisotropies at large scale i.e., the Sachs-Wolfe effect. We follow Refs. [21, 27, 28] . For the gauge choice E 1 = 0 and B 1 = 0, equations (4.19) reduce to
During recombination, as more and more hydrogen atoms form and as the temperature decreases, photons no longer interact with matter. Afterwards, the CMB photons can be described as a gas of non-interacting identical particles described by kinetic equations. By solving the Boltzmann equation for freely propagating radiation, the relationship between the CMB temperature fluctuations and the gravitational potential can be found.
Colisionless Boltzmann equation
First of all, let us consider the collision-less Boltzmann equation for the photon distribution function f ∂f ∂η
where dx i dη and dp i dη are the derivatives calculated along the geodesics. For an observer with 4-velocity u α in an arbitrary coordinate system and a photon with 4-momentum p α , the frequency of this photon measured by the observer is given by
For massless photons, p α p α = 0. The distribution function of the non-interacting photons is given by the function f
which depends on the direction l i and on the location of the observer x i at the moment of conformal time η. In a nearly isotropic universe, the temperature can be decomposed as
where T 0 is the average background temperature and δT temperature fluctuation. As a consequence, up to the first order in the metric perturbations, one obtains
where we have introduced p = |p| = p 2 i . Then, the geodesics equations are given by
where λ is an affine parameter along the geodesic. Thus, we obtain the well-known relation that in a homogeneous universe the temperature is inversely proportional to the scale factor. Then, expanding Boltzmann equation to first order in cosmological perturbations, we get
Like in GR, as Φ 1 is constant on large scales [21] , the final expression of perturbed Boltzmann equation (5.9) gives us
along null geodesics. As a consequence, if we evaluate this constant today and at the time of last scattering, we deduce the following equality
In Ref. [21] , the authors claimed that the equation (5.10) is different compared to GR, as B 1 = 0 in UG. But, we argue that, in GR setting B 1 = 0 is a choice which gives us φ 1 + δT T 0 = constant. If, in GR we set B 1 = 0, perturbed Boltzmann equation yields the same expression as (5.10). Therefore, it can be concluded that first order perturbed Boltzmann equations are same in GR and UG. In the following we show that, even though B 1 = 0 in UG, the expression of δT T 0 is identical with GR.
Kinetic energy-momentum tensor
The kinetic energy-momentum tensor, which characterizes the gas of free photons after decoupling is expressed as
Substituting the perturbed metric into the above equation and taking a Planckian distribution, the (η, η) and the (η, i) components of the kinetic energy-momentum tensor are obtained as following 14) where y = ω T . The fractional radiation density perturbation is defined as δ γ = δργ ργ , where
4 dy f (y)y 3 is the energy density of photons after recombination and δρ γ is the energy density fluctuation of photon. We deduce from the latter equations
To obtain the expression of δ ′ γ , we use the perturbed fluid equation,
For further details, one can check Refs. [21, 27, 28] .
Sachs-Wolfe effect
The solution that satisfy both equations Eqs. (5.15) and (5.16) in Fourier space is
where ι is the imaginary square root of (−1 Eq. (5.17) has already been derived in [27, 28] in the GR setting. The solution found in [21] has an extra term: − . As a consequence, we can say that the solution found in [21] should not be taken into account. We thus state that, in comparison to GR, there is no modification of the expression of
The remaining part of the computation can be found in [27, 28] . The final expression in real space describing the temperature fluctuations of the CMB on the last scattering surface is given by
where we can recognize the well-known Sachs-Wolfe effect which describe a plateau at large scales in the power spectrum of the CMB. We finally underline that we detect no difference between the UG and the GR Sachs-Wolfe contribution unlike [21] who claims that there is a dipole contribution on large scales. This result is supported by Ref. [29] , where CMB temperature fluctuation is calculate in generic gauge. It is possible to derive the above result for the general case B 1 = 0 and E 1 = 0. Even in the most general case, the UG constraint is only equivalent to a choice of gauge. In the most general case the Sachs-Wolfe effect is also given by (5.18). As a consequence there is no way to detect in CMB data if UG or GR is the most favoured theory.
Second order perturbations
The aim of this Section is to obtain the second order gauge invariant variable and its equation of motion. Similar to first order perturbation, one can obtain various gauge invariant quantities in second order. In this work we construct second order Mukhanov-Sasaki variable in UG. Then we present the comparison between GR and UG based on the second order Mukhanov-Sasaki variable. To achieve this, we first give the perturbed second order field equations. Finally, using the field equations, we find the equation of motion for second order Mukhanov-Sasaki equation for UG.
In second order the trace-free part of the Einstein tensor is given as
where δĜ µ ν(2) and δT µ ν(2) are the trace-free part of the perturbed Einstein tensor and energymomentum tensor respectively.
Perturbed trace-free energy-momentum and Einstein tensor
Perturbed trace-free energy-momentum tensor -
The second order (η, η), (η, i) and (i, j) components of the trace-free Einstein equation are given as
Here, δϕ 2 is the second order fluctuation of the of the scalar field ϕ.
Perturbed trace-free Einstein tensor -
The second order (η, η), (η, i) and off-diagonal (i, j) components of trace-free Einstein tensor are respectively
In this Section, we set ψ 1 = ψ 2 = 0. This will be useful when we use uniform curvature hypersurfaces. In the uniform curvature hypersurfaces, all the above equations can be written by replacing the variables with tilde on top of them.
Analysis of the second order perturbation
On the uniform curvature hypersurfaces, (η, i) components of the Einstein equation can be written as
Taking the divergence of (6.4) and then computing the trace, the above equation can be written as 5) where ∆ −1 is the inverse of the Laplacian operator, and X 2 is a function of first order quantities defined as
In the above expression, the right hand side can be expressed entirely in terms ofδ ϕ 1 and its derivatives. This is identical to the expression obtained in GR. The only difference is that in GR one can setẼ 1 = 0. However, in case of UG,Ẽ 1 is given by equation (4.23).
On the uniform curvature hypersurfaces, the off-diagonal (i, j) components of the field equation can be written as
Again, the right hand side of the above equation is identical to what we obtain in GR, apart from the fact that E 1 = 0 in UG. In compact notation, the above equation can be expressed
where Y 2ij is the terms inside the square bracket on the right hand side of (6.7),
It can be noticed that Y 2ij is a quadratic function of the first order quantitiesB 1 ,Ẽ 1 ,φ 1 ,δ ϕ 1 and their spatial derivatives. Therefore, Y 2ij can be expressed in terms of the first order field fluctuationδ ϕ 1 and its derivatives. Finally, using (4.23), the second order unimodular constraint equation (3.7) on the uniform curvature hypersurfaces can be expressed as
(6.10)
Using the background and the first order equations, the (η, η) component of the perturbed field equation can be written as
(6.11)
The above equation can be written in a compact form, where all the terms involving spatial derivatives of the first order quantities are separated included in the Z 2 quantity,
12) where Z 2 is given by
Using (6.8), equation (6.12) can be simplified as
Again, one can see that this equation is identical in GR, apart from the fact that in UG,Ẽ 1 is given by (4.23).
We will use equations (6.5), (6.8) and (6.14) to construct the equation of motion for the second order gauge invariant Mukhanov-Sasaki variable.
Second order Gauge invariant Mukhanov-Sasaki variable
Like in first order perturbation, one can express the transformations of energy density and field fluctuations in second order by using (3.11) and (3.12),
The second order curvature and Newtonian potential transform respectively as
As a consequence, in second order perturbation, only one choice of Mukhanov-Sasaki variable in GR will be same as UG. The other choices of second order Mukhanov-Sasaki variables will be different. It is interesting to note that, once α 2 is fixed by (6.18), spatial part of second order coordinate transformation β 2 will be fixed from second order unimodular constraint. As α 2 andδ ϕ 2 are independent of β 2 , second order unimodular constraint does not have any impact on Q 2 . Second order unimodular constraint will be used in the construction of Mukhanov-Sasaki variable higher than second order. In the rest of the Section we will show that this will also be true for the evolution equation of second order Mukhanov-Sasaki variable.
Evolution equation of second order Mukhanov-Sasaki variable
Using the background (4.7) and first order (4.22) equations, the equation of motion of the second order field fluctuationδ ϕ 2 on constant curvature hypersurfaces becomes,
In the above equation X 2 , Y 2ij and Z 2 are given by (6.6), (6.9) and (6.13) respectively. The equation of motion of the second order Mukhanov-Sasaki variable consists of two parts, one part containing Q 2 , and the other part containing quadratic functions of first order quantities -(B 1 ), (Ẽ 1 ) and (δ ϕ 1 ). Asδ ϕ 1 = Q 1 , using (4.27) and (4.28), the perturbed second order Klein-Gordon equation (6.21) can be expressed entirely in terms of Q 2 and a quadratic function of Q 1 .
It should be noticed that, similarly to the first order case, in the differential equation of δϕ 2 (6.20), the termsB 2 andẼ 2 come as a linear combination of (B 2 −Ẽ ′ 2 ). As a consequence, the derivation of equation (6.21) does not require the second order unimodular constraint given by (6.10). The second order unimodular constraint is only needed to calculateB 2 and E 2 individually, which might be useful in third order or higher order perturbation theories. However, from the expressions of U 2 , W 2 , X 2 , Y 2ij and Z 2 , it can be noticed that all the terms containing first order quantitiesB 1 andẼ 1 can not be written as a linear combination (B 1 −Ẽ ′ 1 ). Therefore, the final equation of Q 2 will be dependent onB 1 andẼ 1 given in (4.28), just like the quantity Q 2 itself. As equation (6.21) is also valid for GR, the evolution equation of Q 2 will be same in GR and UG, provided that one only choosesẼ 1 as given in (4.28) in GR. Any other choices ofẼ 1 other than (4.28) will lead to a discrepancy between GR and UG in second order.
Conclusion and discussion
In the background trace-free part of the Einstein equations, the information of the potential appears through the energy conservation equation. Therefore, inflation can occur in UG in the same way as in GR. In UG, the cosmological constant comes as an integration constant. Hence, it can be fixed by observations. In this work we have performed a detailed analysis of the first order and second order perturbation of UG. Using the unimodular constraints, various gauge invariant quantities have been calculated in first and second order perturbation and the results are compared with GR.
In first order perturbation it has been shown that, the gauge invariant definitions of metric perturbations Φ 1 and Ψ 1 are same as in GR. Only difference between UG and GR is the choices of the hypersurfaces. In GR, to construct Φ 1 and Ψ 1 we need choose hypersurfaces such thatB 1 =Ẽ 1 = 0. On the other hand, in UG, because of the unimodular constraint, the same Φ 1 and Ψ 1 quantities can be constructed onB 1 =Ẽ ′ 1 hypersurfaces. In first order perturbation, we have also shown that unimodular constraint does not affect the other gauge invariant quantities such as R 1 , Q 1 , ζ 1 and M 1 . In this work, it is shown that, as first order unimodular constraint does not have any impact, the evolution equation of first order Mukhanov-Sasaki variable Q 1 is exactly same as in GR. The evolution of the gauge invariant quantity ζ 1 is identical in GR and UG.
Because of the divergence-less and trace-less conditions, the vector and tensor modes are not affected by the unimodular constraint. Hence, the evolution of vector and tensor modes are also identical in UG and GR.
We have calculated the first order contribution in CMB temperature anisotropies on large scales in UG. In contrast to some of the earlier work [21] , we do not find any dipole term in the temperature fluctuations due to UG. The expression of CMB temperature fluctuation in UG on large scales is given as δT 1 T 0 = 1 3 Φ 1 , which is exactly same as obtained in GR. This result is also supported by [29] , where CMB temperature anisotropies are calculated in generic gauge.
In second order perturbation, Mukhanov-Sasaki variable (Q 2 ) is calculated in UG. Here we have shown that, in second order perturbation Q 2 and its evolution equation are not dependent upon the second order unimodular constraint but, the first order unimodular constraint. Although, Q 2 and its evolution are affected by the first order unimoular constraint, this does not imply any significant difference between the two theories. In GR, settingẼ 1 = 0 is a choice. If in GR,B 1 andẼ 1 are set to the expressions given in (4.28), Q 2 and its evolution becomes exactly same as derived in UG. This only means sacrificing flat slicing gauge in GR i.e., second order 3-Ricci scalar (3) R 2 = 0.
Therefore, in the light of our analyses of first order and second order perturbations, it can be concluded that GR and UG are equivalent. The only difference lies in the gauge choices. In UG, we have restricted gauge choices compared to GR. However, this does not affect the observations as we always relate the observables with the gauge invariant quantities. The same conclusions will still be true for perturbation at a higher order than second order.
